







































The Geometry of the Master Equation
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Abstract
In Batalin-Vilkovisky formalism a classical mechanical system is specied by means of
a solution to the classical master equation. Geometrically such a solution can be considered
as a QP -manifold, i.e. a supermanifold equipped with an odd vector eld Q obeying
fQ;Qg = 0 and with Q-invariant odd symplectic structure. We study geometry of QP -
manifolds. In particular, we describe some construction of QP -manifolds and prove a
classication theorem (under certain conditions).
We apply these geometric constructions to obtain in natural way the action functionals
of two-dimensional topological sigma-models and to show that the Chern-Simons theory
in BV-formalism arises as a sigma-model with target space G. (Here G stands for a Lie
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1
Introduction
A classical mechanical theory is specied usually by means of an action functional S
dened on the space of elds. If the action functional is non-degenerate the quantization
of the theory can be reduced to the calculation of a functional integral with the integrand
exp(iS=h) over the space of elds. Of course the quantization is not a well dened opera-
tion: the functional integral at hand requires a more precise denition. (In particular one
should specify the \integration measure".) Nevertheless the formal functional integral can
be used to construct the perturbation theory.
However in the case when the action function is degenerate this functional integral
cannot be used even in the framework of perturbation theory. The simplest way to over-
come the diculties related to degeneracy is to include additional elds (ghosts, etc.)
and to construct a new extended action functional that can be used in the calculation of
perturbation series. The most general and most powerful technique of constructing such
extended action functionals was suggested by Batalin and Vilkovisky [BV1,BV2]. They
showed that one can embed the original space of elds into a new space M provided with
an odd symplectic structure. The original action S can be extended to an action functional
S satisfying the so called classical master equation. To get an action functional that can
be used to construct a perturbation theory one should restrict S to a Lagrangian sub-
manifold of M . The construction of S is not unique; there are many physically equivalent
constructions. However one should emphasize that the same classical action S can lead
in the BV-procedure to physically non-equivalent theories. For example, many interesting
theories can be obtained from the trivial action functional S = 0 if we choose the symmetry
group in dierent ways [S3,BS]. This means that the degenerate action functional S should
not be considered as the basic object. A classical mechanical system should be specied
by means of a solution to the classical master equation.
The present paper is devoted to the geometric study of the classical master equation.
We apply our geometric constructions to the 2D topological -models (to the A and B
models studied in [W1,W2]). To get the lagrangian of the B-model we need an extension
of the BV formalism to the case when the space of elds is a complex manifold and the
action functional is holomorphic.
We will see that in some sense the B-model can be obtained from the A-model by
means of analytic continuation (\Wick's rotation"). Maybe this observation can shed light
on the nature of mirror symmetry.
2
Basic notions
Let us formulate the main denitions we will use. An odd symplectic manifold (P -











are local coordinates in the supermanifold M .

















stands for the inverse matrix of !
ab
.







G = fG;Fg (here
^
K denotes the rst order dierential operator corresponding
to the vector eld K). Let us stress that the vector eld K
F
is odd if the function F is even
and vice versa. One can check that by the map F ! K
F
the Poisson bracket of functions
transforms into a (super)commutator of corresponding vector elds. A vector eld K can
be represented in the form K
F
if and only if the form ! is K-invariant, i.e. L
K
! = 0 (here
L
K
denotes the Lie derivative). Note however, that the function F in the representation
K = K
F
can be multivalued. The function F is called the Hamiltonian of the vector eld
K.
One says that an even function S on M satises the (classical) master equation if
fS;Sg = 0: (3)
The corresponding odd vector eld Q = K
S





Let us introduce the following denition: a supermanifold equipped with an odd vector
eld Q satisfying fQ;Qg = 0 is called a Q-manifold . A Q-manifold provided with an odd
symplectic structure (P -structure) is called a QP -manifold if the odd symplectic structure
is Q-invariant. Every solution to the classical master equation determines a QP -structure
onM and vice versa [S2,W2]. In this correspondence we should allow multivalued solutions
to the master equation. We see that the geometric object corresponding to a classical
mechanical system in BV formalism is a QP -manifold .
Of course, geometrically equivalent QP -manifolds describe the same physics. In par-
ticular, one can consider an even Hamiltonian vector eld K
F
corresponding to an odd
function F . This vector eld determines an innitesimal transformation preserving P -
structure. It transforms a solution S to the master equation into physically equivalent
solution S + "fS;Fg, where " is an innitesimally small parameter.
3
Q-manifolds
For every linear operator having square equal to zero we can dene the corresponding







Q is considered as an operator acting on the space of all
(smooth) functions on M . (One can modify this denition considering dierent classes of




Q as an operator acting on the tangent space T
m























(Here and later the subscript l in the notation for left derivative is omitted.)
Using that Q(m) = 0 one can check that Q
2
m
= 0. Denote by Y the set of all
xed points of Q. When we consider this set we always restrict ourselves to the case








Let us give some examples of Q-manifolds. First of all, for every manifold N we can
consider the supermanifold TN (the space of tangent bundle to N with reversed parity
of bers). This manifold can be considered as a Q-manifold ; the vector eld Q can be










are coordinates in N , 
a
are coordinates in the tangent space (with reversed
parity). The functions on TN can be identied with dierential forms on N (the operator
^
Q becomes the de Rham dierential after this identication). We see that the homology
group H(TN;Q) corresponding to the Q-manifold TN coincides with the de Rham
cohomology group of the manifold N . Note that the manifold TN can be dened and
equipped with a Q-structure also in the case when N is a supermanifold . The set Y
of xed points of the vector eld (5) coincides with the manifold N  TN . It is easy
to check that homology groups H
m

















constitute a basis of T
m
N
and the parity of ~e
i
is opposite to the parity of e
i











One can prove that the form (5) of vector eld Q is general in some sense ([S2], [K]).
More precisely, let M be such a Q-manifold that H
m
= 0 for every point m 2 Y . Then in





a way that the vector eld Q has the form (5). In other words, in a neighborhood of the
supermanifold Y one can identify the Q-manifold M with the Q-manifold TY . (If Y is
a manifold one can identify M and TY globally.)
IfM is an arbitrary Q-manifold then in a neighborhood of every pointm 2 Y one can






) in such a way that the vector eld Q has the








) the supermanifold Y is singled out by the equations 
a
= 0. Let us consider




) 2 Y . It is easy to check that KerQ
m
coincides with the tangent
space T
m
(Y ) and ImQ
m
is spanned by the vectors @=@x
a
. We see that locally Y can be






are constants; the tangent space to
every point m coincides with ImQ
m




(Y ) determine a




(Y ) specify an integrable distribution
on Y .) The space Y
0
of leaves of this foliation can be considered as a non-linear analog of
homology group.
To make this statement precise we consider a linear superspace E equipped with a
linear parity reversing operator d, having square equal to zero (dierential). Such an


















(x) stands for the coordinates of the vector eld Q in this coordinate system.) It is
easy to check that the set Y of xed points of Q coincides with Kerd and that Y
0
can be
identied in the case in hand with the homology group Kerd=Imd.
It is worthy to note that for general Q-manifold the global structure of leaves of the
foliation constructed above can be complicated; in particular, the leaves are not necessarily
closed in Y and therefore Y
0
is not necessarily a (super)manifold.
If the group G acts freely on the Q-manifold M preserving the Q-structure, then
one can dene a Q-structure on the quotient space M=G. (The functions on M=G can
be identied with G-invariant functions on M . The operator
^
Q transforms G-invariant
functions into G-invariant functions and therefore species a Q-structure on M=G.)
Let us apply this construction to the case when M = TG, where G is a Lie group.
The group G acts in a natural way on M ; the quotient space TG=G can be identied
with G (here G denotes the Lie algebra of G and  is the parity reversion as usual). The
construction above gives a Q-structure in G . It is easy to calculate that the corresponding
operator
^






















are generators of G . Then for every coordinate x

in G we introduce
a coordinate c

in G having the opposite parity. f






The homology H(G; Q) of the Q-manifold G coincides with the cohomology of the
Lie algebra G with trivial coecients. (Usually the cohomology of a Lie algebra is dened
by means of antisymmetric multilinear functions on G . These functions can be identied
with functions on the supermanifold G . The standard dierential of the Lie algebra
theory transforms into the operator (6) by this identication.)
This construction can be generalized in the following way. Let us consider a G-
manifold X (i.e. a manifold with an action of the Lie group G). The manifold X TG
has a natural Q-structure . (A product of two Q-manifolds has a natural Q-structure ; we
equip X with a trivial Q-structure: Q = 0.) The group G acts on XTG. The quotient
X TG=G can be identied with X G, therefore we can introduce a Q-structure on
5





























Let N denote a supermanifold . The space T

N of the cotangent bundle with
reversed parity has a natural structure of a P -manifold . This P -structure is determined







are coordinates in N and x

a
are coordinates in the
bers.
One can prove that every compact P -manifold is equivalent to a P -manifold of the
form T

N [S1]. If N
0





is equipped with an odd closed 2-form !
0
, but this form can be degenerate.
This means that N
0
is provided with a presymplectic structure. One can factorize N
0
with
respect to null-vectors of the form !
0




is a manifold , the form !
0




can be considered as a P -manifold .
Let us describe some constructions of QP -manifolds. First of all we can start with
a Q-manifold M and consider a P -manifold T





It is easy to check that this P -structure on T

M is Q-invariant and therefore T

M
is a QP -manifold .
Let us apply this construction to the Q-manifold M = X  G, where X is a G-











































































are coordinates in X, bers of T

X, G and G

correspondingly.






















One can obtain a more general solution to the master equation in the form





is given by (9) and s is an arbitrary G-invariant solution to the master equation
on TX. In particular, one can take s as a G-invariant function on X (every function
s = s(x) that does not depend on x

is a solution to the master equation). The construction
above is used to quantize an action functional s(x); x 2 X, if s(x) is degenerate but the
degeneracy is due only to invariance of s with respect to the group G acting freely on X.









and to extend the action s to the solution to the master equation:
S = s+ S
0



















We can construct an example of a QP -manifold taking as a starting point an (even)
symplectic manifold N . In this case one can identify in a natural way the Q-manifold
7
TN and the P -manifold T

N . The P -structure on the manifold M = TN = T

N
is Q-invariant, therefore one can say that M is a QP -manifold .





arising if we identifyM with T

N the odd symplectic form
! on M is standard and the operator
^







































denotes the matrix inverse to the matrix 
ab
specifying the even symplectic
structure on N .









corresponding to identication M = TN ,
the operator
^








The formulas (12) and (13) can be used to dene a QP -structure in the manifold
T

N also in the case when N is an arbitrary Poisson manifold . (One says that the
antisymmetric matrix 
ab
determines a Poisson structure if the Poisson bracket specied
by means of this matrix satises the Jacobi identity. This Poisson bracket corresponds to
a symplectic structure if the matrix 
ab
is non-degenerate.)
The QP -manifold M = T

N = TN where N is a symplectic manifold has the
property that the groups H
m
are trivial for all points m 2 Y , where Y denotes the zero
locus ofQ as above. We will obtain now a description ofQP -manifolds having this property.
This gives in particular a description of all QP -structures that can be obtained by means of
a small deformation of QP -manifolds of the form TN = T

N , where N is symplectic.
(This fact follows from the remark that the zero locus Y of Q as well as the homology H
m
can only decrease by a small deformation. In other words the set of QP -manifolds having
the property under consideration is open in an appropriate topology.)
We mentioned already that in the case when the groups H
m
are trivial for all m 2 Y
there exists a neighborhood of Y in M which is equivalent as a Q-manifold to a neigh-
borhood of Y in TY . Therefore to classify the QP -manifolds under consideration it is
sucient to consider only QP -manifolds of the form TN with standard Q.
We will assume for the sake of simplicity that N is an even simply connected manifold.
We will say that two P -structures on the manifold TN are equivalent if there exists
a map ' of the manifold TN onto itself that transforms the rst P -structure into the
other one, preserves the Q-structure and is homotopic to the identity.
If N is a supermanifold one should suppose that ' is dened only on a neighborhood
of N  TN .


































We assume also that 

2
is non-degenerate, i.e. it determines a symplectic structure on N .












 is an even function on TN obeying
^
Q
 = 0. It is easy to check that the
P -structure dened by the form ! is compatible with the standard Q-structure (5) on
TN .







as even or odd Grassmann numbers. Then the formula (15) determines a family of QP -
manifolds depending on even and odd parameters. If the manifold N is even and we do






should vanish for odd n.
We will prove that
a) every QP -structure on TN (with standard Q) is equivalent to a QP -structure




b) The forms ! and !
0























connected with a continuous family of non-degenerate 2-forms from the same cohomology







should determine equivalent symplectic structures on N .)



































QF , where F is some function on TN .
Let us begin with the consideration of an arbitrary 2-form ! on TN specifying a
P -structure on TN which is compatible with the standard Q-structure (i.e. L
Q
! = 0).

















Let us consider an innitesimal transformation preserving the vector eld
^
Q , i.e.






V g = 0. Such vector eld can always be




































and therefore in the case when
! is non-degenerate we can make an arbitrary innitesimal change of  by means of a
Q-preserving transformation. Then we can consider a family of forms !
t
= !   tL
Q
d.










. (We should impose some conditions on  to have
a possibility to get a nite transformation from innitesimal ones; however these conditions
can be imposed without loss of generality.)
Thus we have proved statement a) of the theorem above.







one can add an arbitrary term of the form
^
QF to 
 in (16). It is easy to check, that
corresponding
^






















(non-degeneracy of the latter matrix
follows from the non-degeneracy of the form (16)).
As usual, integrating these innitesimal transformations we obtain the \if" statement
of the part b) of the theorem. To complete the proof of the theorem we should consider
two equivalent QP -structures on TN , specied by the forms (16) and (16a). By our
denition of equivalence there exists a family of maps 
t








. It follows from our proof of statement a), that without loss of
generality we can assume that 

t
! has the form (16) with 




it is sucient to check that if there is an innitesimal transformation preserving Q and

















and integrate over t). The check is based on the
remark that the Hamiltonian of the vector eld
^
Q in the P -structure specied by (16) has




















































We mentioned already, that from statements a) and b) one can get the description of
all QP -structures that can be obtained by means of small deformations of QP -manifolds





N;N is symplectic. There is another way to give this de-
scription. We studied QP -manifolds in the approach where
^
Q is xed (it has the standard
form (5)), but the P -structure changes (we have explained already, that this is possible in
a small neighborhood of the QP -structure under consideration). However it is well known
[S1] that every P -manifold is equivalent to T

N with the natural P -structure. Therefore
we can restrict ourselves to the QP -structures on T

N , where the P -structure is stan-
dard. In this approach we can describe easily innitesimal variations of the QP -structure.
Namely, if S is the solution to the classical master equation fS;Sg = 0 corresponding to
^
Q, then the innitesimal variation s of S obeys
^
Qs = O (we used that
^
Qs = fs; Sg). An
innitesimal transformation of T

N preserving the P -structure corresponds to a function
on T

N ; the corresponding variation of S has the form s = fS; fg =
^
Qf . We see that





Q (i.e. by cohomology classes of the manifold N). Changing variables
we obtain the expression for an innitesimal deformation of QP -structure in the picture
where
^
Q is standard. It is easy to check that we arrive at formula (16) for this deformation.
Now we note that the equation L
Q
! = 0 for deformations of ! is linear. (More precisely
10
the non-linearity appears only in the condition of non-degeneracy, but a non-degenerate
form remains non-degenerate if its variation is suciently small. In other words the set of
non-degenerate 2-forms is open in the space of all 2-forms.) We see that in this picture
the problem of description of nite small deformations is equivalent to the problem of
description of innitesimal deformations that we solved already.
The interplay of the picture with standard P -structure where one can easily describe
innitesimal deformations and the picture with standard Q-structure where the equation
for deformations is more complicated but linear can be used also to describe nite small
deformations in all cases, when
^
Q can be reduced to the standard form. Probably one can
give a complete proof of the statements a), b) in this way.
In the consideration above we assumed that N is an even manifold. As we mentioned
already one can repeat all our arguments in the case when N is a supermanifold. However
in the latter case we should restrict ourselves to a small neighborhood of N in TN . In
particular we obtain the following theorem:
Let N be a supermanifold with even symplectic structure. Then small deformations





N in a small neighborhood of N are labeled






Q is considered as an operator







-graded. Of course odd elements of it correspond




Let us recall the basic facts about Lagrangian submanifolds of P -manifold .
A (k; n  k)-dimensional submanifold L of (n; n)-dimensional P -manifoldM is called
Lagrangian submanifold if the restriction of the form ! to L vanishes (here as usual !
denotes the 2-form specifying the P -structure on M).
In particular case when M = T

N with standard P -structure one can construct
many examples of Lagrangian submanifolds in the following way. Let us x an odd function
	 on N (gauge fermion). Then the submanifold L
	








will be a Lagrangian submanifold of M . In particular for 	 = 0 we obtain L
	
= N
The P -manifold M in the neighborhood of L can be identied with T

L. In other
words, one can nd such a neighborhood U of L in M and a neighborhood V of L in
T

L that there exists an isomorphism of P -manifolds U and V leaving L intact. Using
this isomorphism we see that a function 	 dened on a Lagrangian submanifold L  M
determines another Lagrangian submanifold L
	
 M . (It is important to stress that the
construction of L
	
depends on the choice of the isomorphism between U and V .)
Let us consider a solution S to the master equation on M . As was told in the Intro-
duction, in BV-formalism we have to restrict S to a Lagrangian submanifold L M , then
the quantization of S can be reduced to integration of exp(iS=h) over L.
It is easy to construct an odd vector eld q on L in such a way that the functional
S restricted to L is q-invariant (this invariance can be called BRST-invariance). The





on M in such a way
that L is singled out by means of equations x

1
= 0; :::; x

n






. The possibility to nd such a coordinate system follows from the identication
M = T

L in the neighborhood of L. (Note that coordinates x
i
are not necessarily even.)
Representing S in the form
S(x; x











































however fq; qg = 0 on the set of stationary points of s. Note that the vector eld q dened
above depends on the choice of coordinates x; x

or more precisely on the choice of iden-
tication of M and T





















((i) is the parity of the corresponding x
i
); in other words, 
ij
is (super)skewsymmetric.
One can give a more invariant denition of the operator q in the following way. Let


































The vector eld Q = K
S
corresponding to the solution of master equation S can be
















>. The vector eld q can






One can check directly that the restriction of S to L is invariant with respect to the vector
eld (24). If the submanifold L is specied by the equation (20) the vector eld q can be


















Let us consider a supermanifold M equipped with a Q-structure and a point p 2M .































Coecients in (25) are supersymmetric, i.e. symmetric with respect to transpositions of
two even indices or an even index with an odd one and antisymmetric with respect to
transpositions of two odd indices (\parity of index i" means parity of the corresponding
coordinate z
i
). We assume that the eld Q is smooth.


















































where  depends on the particular permutation.
Let us write the rst relations, assuming for simplicity that p is a stationary point of
Q (i.e.
(0)
m = 0) and that
(3)
m = 0 as well. It is more convenient to use instead of
(k)
m


































Here (a) denotes the parity of the index a, and the parity of the indices a; b and c is
opposite to the parity of the corresponding indices in the right hand side: (a) = (a
0
)+1,

































































Relation (32) together with relation (29) means that f
a
bc
can be considered as structure
constants of a super Lie algebra. The matrix d
a
b




= 0 ( this follows from (30)). The relation (31) can be considered as a
compatibility condition of the Lie algebra structure and the dierential d.
In a more invariant way we can say that the coecients
(k)
m determine an odd linear
map of k
th










where V = T
p
M . Here 
k
is odd for odd k and even for even k. The map 
1
determines
a dierential in V and 
2
determines a binary operation there. The relations (29)-(32)
show that in the case when
(3)




m 6= 0 the Jacobi identity (32) should be replaced with the identity involving
(3)
m
(the so called homotopy Jacobi identity). However taking homology H(V ) with respect to
the dierential 
1
= d we get a Lie algebra structure on H(V ).

k
can be considered as a k-ary operations on V . Relation (26) can be rewritten
as a set of relations on the operations 
k
. A linear space provided with operations 
k
satisfying these relations is called a L
1
-algebra or strongly homotopy Lie algebra. (The








The construction above gives a structure of L
1
-algebra to the space V = T
p
M
where p is a stationary point of an odd vector eld Q satisfying fQ;Qg = 0. It is possible
also to include the \operation"
(0)
m in the denition of L
1
-algebra; then the structure of
an L
1
-algebra arises in the space V = T
p
M at every point p of the Q-manifold M .
Let us consider now a manifold M equipped with a QP -structure. Then the form
! that is specifying the P -structure in M determines an odd bilinear inner product
!(x; y) =< x; y > in the space V = T
p
M . This inner product is symmetric:
< x; y >=< y; x > : (33)
We will assume that the form ! has constant coecients in a neighborhood of p. Then the
































where  is a permutation of arguments and p() is its parity. An odd inner product in L
1
-
algebra is called admissible if it satises (33) and (34). One can give a similar denition
of an admissible even inner product in an L
1
-algebra .
The consideration above shows that at every point p of a QP -manifold M one can
dene a structure of L
1
-algebra with an admissible odd inner product in the space T
p
M .
Note that this structure depends on the choice of local coordinate system in the neigh-
borhood of p. It is important to emphasize that the notion of L
1
-algebra is equivalent
to the notion of Q-structure in an innitesimal superdomain. This statement should be
understood as follows: the structure constants of L
1
-algebra can be used to write a formal
expression (25) (formal vector eld Q), obeying fQ;Qg = 0. If the series (25) converges
in a neighborhood of the origin we obtain a Q-structure in this neighborhood. If such a
neighborhood does not exist one can say that (25) determines a Q-structure in innitesimal
neighborhood of p.
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Correspondingly, the notion of L
1
-algebra with an invariant odd inner product is
equivalent to the notion of a QP -structure in an innitesimal superdomain. The relation
of L
1
-algebras with BV-formalism was discovered by Zwiebach and applied to string eld
theory (see [Z]).
One can consider also a supermanifoldM equipped with an even symplectic structure
and compatible Q-structure . This means that the manifold M is provided with an even
closed non-degenerate bilinear form  satisfying L
Q
 = 0. In this situation we have an
even bilinear inner product (x; y) =< x; y > in the space V = T
p
M . The condition of
compatibility gives the required property for the functions ~
k
.
In particular, we can consider a manifold M = G, where G is the Lie algebra of
a compact Lie group G. It follows from compactness of the group G that there exists






on the Lie algebra
G . Using this inner product we can introduce an even symplectic structure in G by










are coordinates in G . The form  is
automatically closed because a
ij
do not depend on c. Note that G is a manifold having
only anticommuting coordinates. It follows from this fact that the coecients of a form
on G should be symmetric (as in ).
We have seen already that G can be provided with a Q-structure by means of the
vector eld (25); this eld gives an L
1
-structure in G . It is easy to check that the
symplectic structure in G determined by the form  is Q-invariant. Therefore we see
that the Lie algebra of a compact Lie group can be considered as L
1
-algebra with an
invariant even inner product.
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Sigma-models
We considered some constructions of QP -manifolds that can be applied both in nite-
dimensional and innite-dimensional cases. Now we will consider a construction leading
to innite-dimensional QP -manifolds.





 and consider the superspace E of all (smooth) maps of  into a xed (n; n)-
dimensional QP -manifold M . We will utilize the usual notations Q and ! for the vector
eld and 2-form specifying the QP -structure on M . The form ! determines a bilinear
form !
'






in the tangent space T
'
M , ' 2 M . It will be convenient for us
to identify the 2-form ! and the collection of all bilinear forms !
'
(; ).
It is easy to provide E with a QP -structure (if l is even). To specify the P -structure













Here f 2 E, ' and '
0
are elements of the tangent space T
f
E (i.e. innitesimal variations
of f),  = (x; ). We consider ' and '
0
as functions of  2  taking values in T
f()
M .
If  has dimension (k; l) where l is even then the volume element d in  is also even
and the 2-form ~! is odd because so is !. If l is odd we can obtain a P -structure on E in
the case when M is an even symplectic manifold (! is even).
Every transformation  of M induces in standard way a transformation of E (a map
f :  ! M transforms into the composition
~
f =   f). We can apply this statement
to innitesimal transformations (vector elds) and get a Q-structure on E . It is easy to
check that the P -structure in E is Q-invariant, so E can be considered as a QP -manifold .
If the manifold  is providedwith a Q-structure and the volume element isQ-invariant,
i.e. divQ = 0, this Q-structure also can be used to introduce a Q-structure in E compatible
with the P -structure therein.
Let us illustrate this general construction in the simple example when  = TX,
where X is a compact 3-dimensional manifold and M = G (here G is a Lie algebra of a
compact Lie group G). As we have seen, the supermanifold G carries an even symplectic
structure determined by an invariant symmetric inner product and Q-structure specied
by the operator (6). The consideration above permits us to introduce a QP -structure in
the superspace E of maps from TX into G. This space can be identied with the space
of G-valued forms on X. The parity of a k-form A
(k)
2 E is opposite to the parity of the
integer k.






















denotes an innitesimal variation of A
(k)
.) Regarding ~! as a bilinear form
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The Q-structures on G and on TX determine a Q-structure on E .




< A ^ dA > +
Z
X
A ^A ^ A: (38)
Here the inner product of two forms is determined by means of the inner product in G and

























are components of the G-valued form A
(k)
in this basis.
One can get an equivalent action functional replacing S by S + "fF;Sg, " ! 0, and
taking F in the form F = 
R
X




(38). In such a way we obtained the extended action functional for Chern-Simons theory
in the form used in [AS,K]. (The original Chern-Simons action functional suggested in
[S4,W5] leads to very complicated perturbative expressions. An analysis of perturbative
invariants was performed in [AS,K] on the basis of the extended action (38).)
One can apply the general construction also to the case when  = TX, where X is a
compact manifold, andM is a symplectic manifold. In this case we obtain a QP -structure
on the superspace E of maps from TX intoM . Corresponding action functional can lead
to new invariants depending on topology of X and symplectic structure on M .
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The A-model
Let us consider a special case when  is a (2; 2)-dimensional manifold :  = TX
and M = TN , where N is a symplectic manifold , X is a compact Riemann surface.
We will show in this case that by an appropriate choice of Lagrangian submanifold the
construction above leads to the A-model of topological quantum eld theory. Deformations
of the QP -manifold M lead to deformations of the A-model. We proved above that the
deformations of M are labeled by the elements of cohomology groups of N . This fact
agrees with the well known statement that the observables of the A-model are labeled in
the same way.








and local coordinates in






. (Here x, ' are coordinates in X and N ,  and '^ are













) 2M , where
'
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an innitesimal variation of '
i
0
etc.), d is the volume element in X. The vector eld Q
















Q() = f; Sg: (44)
Let us suppose that the manifold N is equipped with an almost complex structure
compatible with the symplectic structure in N . This means that in every tangent space
T
'
N we can introduce complex coordinates in such a way that the bilinear form 
'
specify-
ing the symplectic structure in N is equal to the imaginary part of the standard hermitian
inner product in two-dimensional complex space. Note that we do not require here the
existence of complex structure in N (the integrability of almost complex structure ).
Another way to introduce almost complex structure compatible with symplectic struc-












, i = 1; :::; 2n and





































































specifying the complex structure in the tangent space T
'





















































































We will assume that the 2-manifold  is also equipped with with almost complex












(this structure is automatically
integrable). The coecients in the expressions (40),(41) can be considered as \coordinates"



































. (Actually this coordinate change in T
f
E is induced by a coordinate












using a procedure similar to one described above for M .) Note that it is not necessary
to dene global coordinates in , the formulas above change coordinates only in tangent
spaces. The coordinate change in T

f


































. Let us combine the two coordinate changes described above
















) and dene the























We used a specic choice of coordinates in M and  in these equations, however the
Lagrangian submanifold L depends only on the choice of almost complex structure in M


































































































gate to it have a more complcated explicit form). Here
~
D denotes the covariant derivative
with respect to the odd variable . The formulas for these elds are more complicated but
20
they are tensors with respect to a change of coordinates in M and . It is easy to check




























Note that the conditions '
a
+
= 0 and '
_a
 
= 0 can be rewritten in world indices as the




















It is easy to identify E with T












































as coordinates in the ber. Let us dene





























Using this functional 	 we can dene a new Lagrangian submanifold L
0
by means
of the standard construction described above. More explicitly, L
0



















Note that in the case of an innite-dimensional space we should use in (53) the variational
derivative  instead of the usual derivative @.
One can prove that the restriction of the functional (43) to the Lagrangian submanifold
L
0
gives the Lagrangian of the A-model [W1,W2]. If that is proved the topological char-
acter of the A-model (independence of the choice of almost complex structure on M and
complex structure on ) in this approach follows immediately from the basic statements
of BV-formalism (the physics does not change by continuous variations of the Lagrangian
submanifold ).
For the sake of simplicity we will give the proof only in the most important case when
the almost complex structure in M is integrable (i.e. M is a Kahler manifold ).















The space E consists of the elds:
'
a












































and of the similar elds with dotted indices.
The gauge fermion (52) dened on the Lagrangian submanifold L specied by (47)





























































































































































































































































The symplectic form !
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appear in this expression without derivatives, so we













































































































This is the standard action for A-model [W1, W2].
Note that we could work with covariant elds  instead of the original '; the nal
answer would be the same because on the Lagrangian submanifold L
0
(as well as on L)



















coincide with the corresponding original
elds entering the action functional (66). The equations of motion (65) are equivalent to











One could easily guess that the construction above gives the action functional of the
A-model almost without calculations. First of all one should note that we get the action
of the A-model in at case. In the general case we used only reparametrization invariant
constructions and therefore the resulting action functional is reparametrization invariant.
Finally, our action functional is BRST-invariant as every action functional obtained by
means of restriction of a solution to the master equation to a Lagrangian submanifold.
Probably, one can check that these properties guarantee the coincidence of our action
functional with the one of the A-model.
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Complex QP-manifolds
The denition of a complex Q-manifold is completely similar to the denition given
above in the real case. The only dierence is that the odd vector eld Q satisfying
fQ;Qg = 0 must be holomorphic. Similarly, a complex P -manifold is dened as a com-
plex (super)manifold equipped with a nondegenerate odd holomorphic (2; 0)-form !. In
the denition of complex QP -manifold we again require the existence of Q-structure and
P -structure and their compatibility (L
Q
! = 0). One can dene also the notion of complex
SP -manifold (complex P -manifold with compatible holomorphic volume element) repeat-
ing the denition given in the real case in [S1].
Many denitions and facts can be generalized literally to the complex case. In partic-
ular, one can introduce a complex version of the Poisson bracket and master equation on
complex P -manifold and the odd Laplacian  on complex SP -manifolds.
Let us make some remarks about integration on complex manifolds. Let R be a
complex supermanifold equipped with a volume element. This means that for every point






























Let us consider a real slice R
0
of R. This means that R
0
is a compact real submanifold
of R and the real dimension of R
0
is equal to the complex dimension of R; more precisely,




can be considered as a complex
basis of the complex linear space T
x























and in the right hand side it is
considered as a basis in T
x
R.) Note that the volume element 
0
is complex in general.
If f is a function on the complex manifold R then we can consider the integral of f
restricted to R
0
with respect to the volume element 
0
. One can prove that in the case when







depends only on the homology class of R
0
in R (see [KhS,VZ]).
More precisely, it was proved in [KhS] that the holomorphic volume element in an
(r; s)-dimensional complex supermanifold determines a closed (r; s)-density (by denition
an (r; s)-density is an object that can be integrated over an (r; s)-dimensional real sub-
manifolds; the (r; s)-density is closed if such an integral does not change by a continuous
deformation of the submanifold ). Voronov and Zorich introduced the notion of an (r; s)-
form and proved that a closed (r; s)-density can be considered as a closed (r; s)-form. The
fact that the integral of a closed (r; s)-form depends only on the homology class of the
submanifold (by appropriate denition of homology) follows from the analog of the Stokes'
theorem for (r; s)-forms proved in [VZ].
Let us suppose that a holomorphic function S on a complex SP -manifold M is a




One can consider S as an action functional; then we can obtain corresponding physical
quantities by means of the following construction. Let us take a complex Lagrangian
24
submanifoldL ofM , then generalizing the construction of [S1] we can dene a holomorphic




































; in the right hand side  stands for the volume element in M .
The partition function corresponding to the holomorphic solution to the quantum
master equation S can be dened as an integral of exp(h
 1
S) over the real slice L
0
of the
Lagrangian submanifold L. The semiclassical approximation to the solution of quantum
master equation (68) is a solution of classical master equation fS;Sg = 0: Therefore, at
the classical level we should consider a function S obeying fS;Sg = 0 (then, of course,
S determines a complex Q-structure on M) and restrict it to the real slice of Lagrangian
submanifold of M .
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The B-model
Let us now apply the consideration above to construct the lagrangian of the B-model
of topological quantum eld theory [W1,W2]. As in the case of the A-model we x a
(2,2)-dimensional manifold  = TX with a volume element and a (2n; 2n)-dimensional
complex QP -manifold M = TN , where X is a compact Riemann surface and N =
T

















for us because we should consider covectors on N = T

K). The complex coordinates
in M = T


















, etc.). We will consider a complexication
~


























these coordinates are considered as independent.)










i.e. the external dierential in  (here + and   correspond to complex coordinates in 
described above). We suppose that M is provided with some Q-structure as well, i.e. it is
a complex QP -manifold .
Let us consider now the superspace E of all (smooth) maps from  to M . E can
be considered as a complex QP -manifold. The QP -structure in E is induced by the QP -
structure inM and Q-structure in . To describe the elements of E one can use expansions
similar to (55). Then the expression for the solution to the master equation corresponding
to the QP -structure in E can be taken in the form:
~





















































































































































































































is the Hamiltonian of the operator q.
The constructions above are quite similar to the construction in the section devoted to




and complexify everything. We will show that the B-model can be obtained as complexied
version of the A-model if the Lagrangian submanifold is chosen in an appropriate way.
Let us consider rst the case when manifold
~
M is at and restrict the action functional
~















































































































is some at Kahler metric on M .




























































































With appropriate reality conditions it coincides with the action functional of the B-model
in at case.
So, to get the B-model Lagrangian in the general case we should modify the equations
(74) in a reparametrization invariant way. The modication will give us a reparametriza-
tion invariant action functional having BRST-symmetry and coinciding in the at case with
the action functional of the B-model. We show by direct calculation that the coincidence
holds in the general case as well.


















































































































































































now is not supposed to be at.
The reality conditions remain the same as in the at case.
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= 0. After substitution




































































































that coincides with the action functional of the B-model [W1,W2].
28
References
[BV1] Batalin, I., and Vilkovisky, G.: Gauge algebra and quantization. Phys. Lett. 102B,
27 (1981)
[BV2] Batalin, I., and Vilkovisky, G.: Quantization of gauge theories with linearly dependent
generators. Phys. Rev. D29, 2567 (1983)
[W1] Witten, E.: Topological Sigma-models. Commun. Math. Phys. 118, 411-449 (1988)
[W2] Witten, E.: Mirror manifolds and topological eld theory. In the book Essays on
Mirror manifolds, Ed. by S. T. Yau, International press, 1992, pp.120 - 159
[W3] Witten, E.: Quantum eld theory and Jones polynomial. Commun. Math. Phys.,
121, 351-399 (1989)
[BS] Baulieu, L. and Singer, I.M.: Topological Yang{Mills symmetry. Nucl. Phys. Proc.
Suppl. 5B, 12 (1988)
[S1] Schwarz, A.: Geometry of Batalin{Vilkovisky quantization. Commun. Math. Phys.
155, 249-260 (1993)
[S2] Schwarz, A.: Semiclassical approximations in Batalin{Vilkovisky formalism. Com-
mun. Math. Phys. 158, 373-396 (1993)
[S3] Schwarz, A.: The partition function of a degenerate functional. Commun. Math.
Phys. 67, 1 (1979)
[S4] Schwarz, A.: New topological invariants arising in the theory of quantized elds. Baku
International Topological Conference, Abstracts (Part 2), Baku, 1987
[VZ] Voronov, F., and Zorich, A.: Complexes of forms on supermanifolds. Func. Anal.
and Appl., 20, 132-133 (1986)
[KhS] Khudaverdyan, O.M. and Schwarz, A., Teor. Mat. Fiz. (Theor. Math. Phys.) 46
No.2, 187-198 (1981)
[AS] Axelrod, S., and Singer, I.M.: Chern{Simons perturbation theory. Proceedings of
XX'th Conference on Dierential Geometric Methods in Physics, Baruch College/
CUNY, NY, NY
[K] Kontsevich, M.: Lectures at Harvard University, 1991 - 1992
[Z] Zwiebach, B.: Closed string eld theory: Quantum action and the B-V master equa-
tion. Nucl. Phys. B 390, 33-152 (1993)
29
